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I. INTRODUCTION
Let X be a Hausdorff topological space and M (X, E) be the space of all measurable function from X into E and C (X, E) be the
vector space of M (X, E) consisting of the continuous function f from X into E. Let VV be a set of non-negative upper- semi continuous

functions on X. If IV is a set of weights on X such that given any x € X, there is some v € V for which v(x) > 0. We writeV > 0.

A setV of weights on X is said to be directed upward provided for every pair u;,u, in V and a > 0 there exists v € V such
that au; < v (point-wise on X) for i = 1,2.

By a system of weights, we mean a set IV of weights on X with additionally satisfies V > 0. Let cs(E) be the set of all continuous
functions from X into E .,

If V is a system of weights on X then the pair(X, V) is called the weighted topological system. Associated with each weighted topological
system (X, V), we have the weighted spaces of continuous E —valued functions defined as:

MVy(X,E)={fHg € M(X,E) HM(X,E):vq(f H g)vanishes at g on X foreachv € V,q € cs(E)}
MV,(X,E)={fHHg € M(X,E) HM(X,E):vq(f HH g) inL? forallv € V,q € cs(E)}

MV,(X,E)={fHge M(X,E)H M(X,E):vq((f H g)(x)) isbounded in E forallv € V,q € cs(E)}

1
LetveE V,q€ cs(E)and fHg € M(X,E) HM(X,E). If we define ||f B gll,,q = sup {(fx(v(x)q(f B g)(x))Pdu)r for all x €
X}, then ||. |[,, can be regared as a semi norm on either MV, (X, E) B MV, (X, E), MV, (X, E) EH MV, (X, E) and the family {|[.]l,4:v €
V,q € cs(E)} of semi norms defines a Hausdorff locally convex topology on each of these spaces. This topology will be dented by w,
and the vector spaces MV, (X, E) and MV, (X, E) endowed with w,, are called the weighted locally convex space of vector-valued
continuous functions. It has a basis of closed absolutely convex neighborhoods of the origin of the form,

Bv,q = {f EH g € MVb(XiE) EH MVb(X'E) ”f EH g“v,q < 1}
Also, MV, (X, E) is a closed subspace of MV, (X, E).
1.1.Functions inducing tensor sum operators on weighted spaces of measurable functions.

In this section, let us investigate the Functions inducing tensor sum operators on weighted spaces of measurable functions.
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Theorem:1.1.1. Let ¢: X — X and 7, : X — C be a measurable functions. Then (C, EH M, ) (f HH g) is a tensor sum operator for
everyt € R, f B g € MVo(X) E MV, (X) iff V|C, B M,,|<V.

Proof: First suppose V|C(p H Mnt| < V. Then For every v € V, Then for all v €V, there exist u € V such that v|Cq, H M., | <
u (point wise on X). We show that C, B M, is a continuous linear operator on MV, (X) HH MV,(X). Clearly, C, HH M, is linear
on MV, (X) EH MV, (X). In order to prove the continuity of C, B M,, on MVy(X) H MV,(X), it is enough to show that C, EHH M,
is continuous at origin. For this, suppose f, H g, be a net in MV, (X) H MV, (X) such that B,(f, H g,) = 0, forevery v € V.

Now,
Pv(an fa EH Mn:tga) = Pv(Cw fa) EH Pv(Mntga) forallt € R.

= Pv(fa ° QD(X)) EH Pv(ﬂt(x)ga(x))
= (0@ ful@@)Pdw? B (f,w@qEh® g, ()P duw?
= ([, 0@ fNPdw? B, (r()ae™ @ g, ()P du)?

= (@@ fNPdr B (f (ua(9.0)) dr
ast -0

=P(foeH ga) =0

This proves the continuity of C, H M,, atorigin and hence C,, B M, is continuous on MV, (X) H MV, (X).

Conversely, suppose C,, HH My, is continuous linear operator on MV, (X) H MV, (X).We shall show that V|CqJ H M,Tt| <V.Letve
V. Since C, H My, is continuous origin, there existu € V' such that (C, B M,)(B,) < B,. We claim that v|C¢ H M,Tt| < 2u.

Take x, € X and setu(x,) = €. Incasee >0, N = {x € X:u(x) < 2¢} is an open neighborhood of x,. Then there exists f FH g €
MVy(X) BB MVy(X)suchthat0 < flHg <1,and f H g(X —N) = 0.

Let h = (2¢)"Y(f H g). Then clearly h € B,. Since (C, B M )(B,) < B,, we have (C, HH M, ) h € B, and this yields that
v (0)|(C, B My, )(x)|lR(x)| <1, forall x € X . From this it follows that v(x)|(C, B M., )(x)|l f B g (x)| < 2¢, for all
EX.

Now suppose u( x, ) = 0 and that v(x0)|( Cp B Mz, )(xo )| > 0 If we put that e= v(x0)|( Cp B My)( x0)| it is
not greater than two and set, N = {x € X:u(x) < &} then N would be an open neighborhood of x, and we could again find f FH g €
MVy(X) HEH MVy(X)suchthat0 < fEHg < 1,and f FH g(x,) = 1and f FH g(X — N) = O.Now leth = ¢™1(f H g ). Then clearly
h€ B, and (C, B My,)(h) € B, . Hence v(x)|(C, B My, )(x)||h(x)| <1 for all x €X . This implies that v(x)|(C, H
M) £ B g(x)I < &, for all x € X. From this it follows that, v(xo)|(Cp B My, )(xp )| < 20l G B Mmy JCx0)
impossible. This proves our claim and hence the proof is complete.

which is

Now we shall characterize tensor sum operators on MV, (X, E) EH MV,(X, E) induced by scalar-valued and vector valued functions.
1.2 Characterization of tensor sum operator
In this section, let us investigate the Characterization of tensor sum operator

Theorem: 1.2.1. Let : X — X and 7, : X — C be a measurable function. Then (C, H My, ) (f HH g) is a tensor sum operator for every
te R,fHgeMVy(X,E) BMV,(X,E)iff V||C, B M| <V.
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Proof: Similar to proof of theorem 1.1.1.

Theorem:1.2.2. Let E be a (locally multiplicative convex) Imc algebra with unite and let ¢ : X — E and r; : X - C be a bounded

measurable function. Then (C, EH My, ) (f HH g) is a tensor sum operatoron t € R, f H g € MV,(X, E) H MV, (X, E) iff V, o (¢ H

m,) <V forallp € P.

Proof: Suppose V, o (¢ EHm;) <V, for all p € P. Then for all v € V, there exists u € V such that v, o (¢ H ;) < u (point wise on
X). We shall prove that the mapping ¢ : X — E and 7, : X - C gives rise to a linear transformation C, lH M, from MV, (X, E) HH
MV, (X, E) itself defined as C,, f = ¢f and My, g = m.g forevery f B g € MV, (X, E) HH MV, (X, E), where the product is point-wise
continuous linear operator on MV, (X, E), we shall establish the continuity of C,, H My, at the origin. For this, let {f, H g,} be a net
in MV, (X, E) B MVy(X, E) such that forallv € V,p € P, P, ;(f, H go) — 0.

Then

Pv,q (qu fa H Mntga) = Pv,q (C<p fa) H Pv,antga) forallt € R.

= v,q(fa o (p(x)) EH Pv,q(nt(x)ga(x))
= ([, 0@ fu@@NP )P B (f,@(0)qE™ gq ()P du)?

= (@@ fNPdwr B (f, (ua(9.00)) dir
as t—>0
= Riq(fo) B Pug(9a)
=R(fa B ga) =0
This proves that (C,, H My, ) is continuous origin and hence a continuous linear operator on MV, (X, E) B MV, (X, E).

Remark:1.2.3.Note thatif ¢ : X — X and ; : X — C be a bounded measurable complex valued (or vector-valued) functions on X then
clearly (C, B My, ) (fo H ge) is a tensor sum operator on

MV, (X) BB MVy(X) (or MVy(X,E) B MV, (X, E) for any system of weights V.

If X is a system of weights generated by the characteristic functions of compact sets, then it turns out that every continuous map
induces a tensor sum operators on MV, (X) H MV,(X) (or MV,(X,E) B MV,(X, E) for any system of weights V.

Theorem:1.2.4. Let X be a completely Hausdorff space and let V = {1,,:1 > 0 and K c X, X is compact}.
i) Every bounded ¢ : X —» X and . : X = C on MV,(X) HH MV, (X)
i) Every bounded ¢ : X — X and 7, : X - E be a Imc with jointly continuous operator induces a tensor sum operator on C,
H M., on MV,(X,E) HH MV, (X, E).

Proof: Similar proof of theorem:1.2.2

Corollary:3.9.5.Let X have the discreate topology and V = {1,4:1 = 0 and K € X, X is a finite set}. Then every function ¢: X — X
and 7, : X - C induces a tensor sum operator (C, EH M, )(f H g) on MV, (X) B MV,(X)( or MV, (X, E) BB MV, (X, E).

1.3. Dynamical system induced by tensor sum operators on weighted locally convex space of measurable functions
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In this section, let us investigate the Dynamical system induced by tensor sum operators on weighted locally convex space of measurable
functions

Theorem :1.3.1.Let U and V be an arbitrary system of weights on G and let ¢ : X — X and 7, : X — C be a continuous function. Then
Cof B Mg, g is a tensor sum operator for every t € Rand f HH g € MV,(X) H MV, (X) iff V||C¢, H M, || <U.

Proof: To show that C,,f HH M, g is a tensor sum operator. It is enough to prove C,,f HH M, g is continuous at origin. Let v € V and
B, be a neighborhood of the originin MV, (X) HH MV, (X). Then by the given condition, there exists u € U such that v|| Cp, H Mg, || <
u. Now we claim that (C, H M,,)(B,) < B,, where B, is neighborhood of the origin in MU, (X) B MU,(X) (or MV, (X,E) H
MV, (X, E)).

Let f HH g € B,. Then we have

1€, £ B8 Mg, = [ICp £ GOl B [|Mr, 9 GO
= (J @alIf © eGINPdie B (f, @CalinCIg D) duny?
= (qUUIF GNP B ([, et M=llg ol duy

= (fx(u(x)q(llf(x)II))”du)% H (fx(u(x)Q(Ilg(x)II))”dM)%
< IIf(x) B gl
<IFBH®I <1.
This proves that (C,, f BB My,g) € B, and hence C,, B My, is a tensor sum operator.

Corollary:1.3.2. Every bounded measurable function ¢: X — X and 7, : X - C induces a tensor sum operator C,, EH M,;, on MV,,(X)
H MV, (X) (or MV, (X,E) BB MV, (X, E)) for a system of weights IV on X.

Proof:

Cp, fH Mgg is bounded, there exists m > 0 such that |(C¢f H Mntg)(x)| <m for all x €X. Let v € X. Then we have
v(x)|Cq, fH M,Ttg| < mv(x) forall x € X.

Hence by the above theorem C,,f BH Mp,g is a tensor sum operator on MV, (X) B MV, (X) (or MV, (X, E) H MV, (X, E)).

Note:1.3.3. Let h € F,(R). Define 71, : R — B(T) as m,(w) = et"™ forall t, w € R.

Theorem:1.3.4. Let h € F,(R). For each t € R and let V,: R X MV, (R, T) HH MV, (R, T) - M(R,T) H M(R,T) be the function
defined by V,,(t,fH g) = C,, B M, (fH g) forallt € Rand f HHg € MV, (R, T) H MV,,(R,T). ThenV, is a linear dynamical
system on MV, (R, T) EH MV, (R, T).

Proof:

Since C,,, H My, is a tensor sum operator on MV, (R, T) B MV, (R,T) forallt € Rand f HH g € MV, (R, T) B MV,(R,T). We can
conclude that V,,(t, f Hg) € MV,(R,T) EH MV, (R,T). Whenevert € Rand fHg € MV,(R,T) H MV,(R,T). Thus V, is a
function from R X MV, (R, T) EH MV,(R,T) » M(R,T) EH M(R,T). It can be easily seen that V,(0,f Hg) =f Hgand V,(t +
s, fEHG) =Vn(t, V(s fHY).

In order to show that V,, is a dynamical system on MV, (R, T) HH MV, (R, T). It is enough to show that V;, separately continuous map.

4
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Let us first prove the continuity on V,, in the first argument. Let {t,, = t}. Then |t,, — t| = 0 as n — oo, we shall show that
Va(tn, fH 9) = Vu(t, f B 9) € MV,(R,T) B MV, (R, T).

Let v — V. Then,

Pv(vh(tnﬂfaag)_vh(t'faag))v

=P ((C(ptn H Mﬂtn) (FBg9 - (C(pt H Mm) (fH g))

v

= (1, 0®)q(C,,, Wf W) B an<w>9<W>>>”d“)%) -
(/500G I F ) B My, )W)
= (1, o)A (e, W) B, (W) g W)y
+ (f x@WIa(f (9o (w)f (W) B nt(w)g(w))y’dﬂ)%)
< (f s @Wq(f (p¢, W) — et”th(W)))pd“)%)

+ (f W (f (@ (W) — etnth(w)))vdﬂ)%) | .

Oas|t, —t| - 0.

Let f, HH g, be a net in MV, (R, T) EH MV, (R,T) such that f, Hg, — f Hgin MV,(R,T) H MV,(R,T). Then q(f, Hg, — f H
g )y, — 0 forall v € V. We shall show that V, (¢, f, H g,) = V,(t,f Hg) in MV, (R, T) H MV, (R, T).

P(Vh(t'fa H ga) - Vh(t'f H g))v

= P (G B M) i BB 9)O0)) — (G, B M) (f B QYD)
=P ((C(tha H Mntga)_(cwtf H Mﬂ-’tg))v
< (1 auloiw)) = F (@ w))e Mg (g, (w)))Pdu)?

+ (1 DA (eIl g, () — el (W) dy?

~0as (fu Hg) - (fHY 0.
This proves the continuity of V,, is a (linear) dynamical system on the weighted space MV, (R, T) B MV, (R, T).
1.4. Dynamical system and weighted tensor sum operator

In this section, let us investigate the dynamical system and weighted tensor sum operator
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Theorem:1.4.1. Let E be a locally convex Hausdorff space such that each convergent net in E is bounded. Let ¢: M(X,B(E)) and T €
M(X,X). Then (C, B M,,)(f H g) is a weighted tensor sum operator on MV, (X, E) HH MV, (X,E) iff for everyv € Vandp €
cs(E), there exists u € V and q € cs(E) such that v(x)P(p(x)(w)) < u(m.(x)q(x)vforallx € X andw € E.
Remark:1.4.2. Let B(E) be the Banach algebra of all bunded linear operators on E. Then an operator-valued map w, : X = B(E)
defined by m,(x) = et"™ for all t e R and x € X, where h € M(X, B(E)) and ||hllo, = sup {{[h(x)||:x € X}. Alsog,: X = X is
defined by ¢, (x) = t + x the self-map. Then the weighted tensor sum operator induced by ¢, and 7, on the spaces of MV, (X, E) and
MVy(X,E).
Theorem:1.4.3. Let V be an arbitrary system of weights on X. Let V: R X MV, (X,E) FH MV, (X,E) » M(X,E) HH M(X,E) be the
function defined by V(t,f H g) = (C, BB M, )(f EHg)forallt e Rand f EHg € MV,(X,E) EH MV,(X,E). ThenVis a linear
dynamical system if for every v € V and p € cs(E), there exists u € V and q € cs(E) such that v(x)P(p H m,)(x) < u(rw:(x)q(x)v
forallx € Xandw € E.
Proof:
For every t € Rand C, H Mp, is a weighted tensor sum operator on MV, (X, E) HH MV, (X, E). Thus it follows that,
V(t,fHg) € MV,(X,E) B MV,(X,E) forallt e Rand f Hg € MV,(X,E) HH MV, (X, E).
Clearly, V is linear and V(0, f HH g)(x) = (C, HH M, )((f H g9)(x)) forall x € X.

= (C, f B My 0)(x)

= f(p(x)) He"™g(x)
(fBHHM®
fHg.

AlsoV(t+s,f B g) = V(t,V(s, f B 9)).

Therefore V(0, f HH g)(x)

Next, to show that V is a linear dynamical system, it is sufficient to show that V is jointly continuous map[1]. Let t,, — t for allt € R.
Then t,, —t — 0 as n — oo. The remaining proof is similar to theorem:1.5.4
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