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Abstract 

The vertex polynomial of the graph G is defined as 𝑉(𝐺, 𝑥) =  
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=
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k xv , where ∆(𝐺)= max {d(v) / v ϵV}and vk 

is the number of vertices of degree k. In this paper we found some results on vertex polynomials of switched 

graphs. 
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1. INTRODUCTION 

 

In this paper we mean only simple graphs. For notation and terminology, we refer to [2]. Sukumaran and Devaraj 

[1] introduced the concept of Vertex polynomial in graphs. Denoted vertex set by V(G) and edge set by E(G). For 

)deg(, vVv  is the number of edges incident with v, the maximum degree of G is defined as 

}/)deg(max{)( VvvG = . In this paper we find the vertex polynomial of switching of some graphs. The graph 

G = (V, E) is simply denoted by G. The concept of switching was introduced by Seidel [4]. We refer [3] for more 

results in vertex switching.  A vertex switching Gv  of a graph is the graph obtained by taking a vertex v of G, 

removing the entire edges incident to v and adding edges joining v to every other vertices which are not adjacent 

to v in G. 
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Fig.1.1 

Vertex switching of v in cycle C7. 

 

2. MAIN RESULTS 

 

Theorem  2.1 

The vertex polynomial for the graph obtained by switching of a vertex of a cycle Cn is 𝑉(𝐺, 𝑥) =  𝑥𝑛−3 +

 (𝑛 − 3)𝑥3 + 2𝑥. 

Proof. 

 Let G denote the graph obtained by switching a vertex of cycle Cn. Let the vertex v1 be switched. 

 Then the end vertices v2 and vn have degree 1. The vertex v1 is adjacent to (𝑛 − 3) vertices and so has degree 

(𝑛 − 3) . The remaining vertices (𝑛 − 3)   has vertices will have degree 3. Hence is 𝑉(𝐺, 𝑥) =  𝑥𝑛−3 +

 (𝑛 − 3)𝑥3 + 2𝑥. 
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Fig.2.1 

 

We consider the switching of Wheel graph, Wn. Here two types of switching are considered, one being switching 

of rim vertex and other switching of central vertex. Switching of central vertex results in isolated vertex, so we 

consider only the switching of a rim vertex in wheel Wn. 

 

Theorem  2.2 

The vertex polynomial for the graph obtained by switching of a rim vertex of a wheel Wn is 𝑉(𝐺, 𝑥) =  2𝑥𝑛−3 +

 (𝑛 − 3)𝑥4 + 2𝑥. 

 

Proof. 

 Let G denote the graph obtained by switching of a rim vertex in the wheel Wn. Without loss of generality let us 

assume that the vertex v1 is switched is shown in Fig. 2.2.  

 Since the vertex v1 is switched, it is adjacent to (𝑛 –  3) vertices, and so it has degree (𝑛 –  3). Now the end vertices 

has degree 1 and the remaining vertices (𝑛 –  3) vertices has degree4. 

 Considering all these, the vertex polynomial is 𝑉(𝐺, 𝑥) =  2𝑥𝑛−3 +  (𝑛 − 3)𝑥4 + 2𝑥. 
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Fig.2.2 

 

Theorem 2.3  

The vertex polynomial obtained by switching a vertex of a Gear graph Gn is  
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Proof. 

CASE 1. 

Let us assume that the central vertex is switched. 

When the central vertex is switched it results in a wheel graph. So the vertex polynomial is 𝑉(𝐺, 𝑥) =  𝑥𝑛 +

𝑛𝑥3 + 𝑛𝑥2. 

CASE 2. 

Let us assume that the vertex of degree 2 is switched. 

Without loss of generality let us assume that the vertex u1 is switched. When the vertex u1 is switched it is adjacent 

to 2(𝑛 − 1) vertices and hence having degree 2(𝑛 − 1). The central vertex will receive degree (𝑛 + 1). The two 
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end vertices will have degree 2. The remaining (𝑛 –  2) and (𝑛 –  1) vertices will have degree 4 and 3 respectively. 

Hence the obtained vertex polynomial here is 𝑉(𝐺, 𝑥) =  𝑥2(𝑛−1) +  𝑥𝑛+1 + (𝑛 − 2)𝑥4 + (𝑛 − 1)𝑥3 + 2𝑥2. 

 

 

Fig.2.3 

CASE 3. 

Let us assume that the vertex of degree 3 is switched. 

Without loss of generality let us assume that the vertex v1 is switched. When the vertex v1 is switched it is adjacent 

to (2𝑛 –  3) vertices and hence having degree (2𝑛 –  3). The central vertex will receive degree (n - 1). The two 

end vertices will have degree 1. The remaining (𝑛 –  1) and (𝑛 –  2) vertices will have degree 4 and 3 respectively. 

Hence the obtained vertex polynomial here is 𝑉(𝐺, 𝑥) =  𝑥2𝑛−3 +  𝑥𝑛−1 + (𝑛 − 1)𝑥4 + (𝑛 − 2)𝑥3 + 2𝑥. 
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Fig.2.4 

 

In the following theorem we consider switching of Helm graph Hn. Here we can consider only two  cases, for the 

first case we switch the apex vertex, in the second case we switch the outer rim vertex. When we switch the inner 

rim vertex, the graph becomes disconnected. 

 

Theorem  2.4   

The vertex polynomial obtained by switching a vertex of a Helm graph Hn is 

𝑉(𝐺, 𝑥) = {
𝑥𝑛 + 𝑛𝑥3 + 𝑛𝑥2,                                            if central vertex is switched

𝑥2𝑛−2 + 𝑥𝑛 + (𝑛 − 1)𝑥5 + 9𝑛 − 1)𝑥 + 𝑥3,    a outer rim vertex ui is switched.
 

Proof. 

CASE 1.  

Let us assume that the central vertex is switched. 

 When the central vertex of a helm graph is switched, it will be adjacent to 𝑛 vertices, so that it receives degree n. 

The 𝑛 inner vertices has degree 3 and the 𝑛 outer vertices has degree 2. 

Hence the vertex polynomial is 𝑉(𝐺, 𝑥) =  𝑥𝑛 + 𝑛𝑥3 + 𝑛𝑥2. 
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Fig.2.5 

 

CASE 2. 

 Switching a outer rim vertex ui, 1 ≤ i ≤ n 

Without loss of generality let us assume that the vertex u1 is switched. 

 Let the switched vertex be u1. Then it will be adjacent to (2𝑛 − 2)vertices and so it has degree (2𝑛 − 2). The 

central vertex is adjacent to n vertices. A inner rim vertex has degree 3 and  the remaining (𝑛 –  1) inner rim 

vertices has degree 5. The (𝑛 –  1) outer rim vertices has degree 2. Hence the vertex polynomial is 𝑉(𝐺, 𝑥) =

 𝑥2𝑛−2 + 𝑥𝑛 + (𝑛 − 1)𝑥5 + 9𝑛 − 1)𝑥 + 𝑥3. 
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Fig.2.6 

CONCLUSION  

 The vertex polynomial of few simple switched graph are found. This can be applied to any switched graph. These 

vertex polynomial of switched graph has wide applications in, circuit design, Traffic flow, Social network 

analysis, Computer network security, optimization, Graph Dynamics etc  
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